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Introduction

OTH the interlaminar shear stresses and the interlaminar

normal stress are important stress components in com-
posite failure analysis. It has been concluded from many in-
vestigations that the high interlaminar stresses can cause dam-
age on the composite interface. For example, the interlaminar
shear stress on the free edge of angle-ply laminates can cause
edge delamination,! as can the interlaminar normal stress in
the cross-ply laminates.?

Although the interlaminar stresses are very important, their
magnitudes are much lower than the in-plane components,
and they are very difficult to obtain. Frequently, in composite
analysis, only the displacements and in-plane stresses are of
interest.>¢ However, if the interlaminar stresses are of con-
cern, equilibrium equations are used as a post-processing tech-
nique for stress recovery.” Although this indirect technique
can give accurate interlaminar stresses, there is concern for
using this technique in general application, e.g., it may be-
come inefficient for structures with highly irregular geometry.

Another way to find the interlaminar stresses is to use
multiple-layer theory in conjunction with the stress continuity
equations on the composite interface. The hybrid-stress finite
element method presented by Mau et al.? satisfies the continu-
ity equations exactly. The interlaminar stresses can be ob-
tained directly from the assumed stress functions. To reduce
the numerical complexity, Spilker® used an alternate method
to obtain the interlaminar stresses. Since the technique satis-
fies the continuity equations in an approximate sense, the
results are not as accurate as those of Mau et al.

In view of the importance of satisfying the continuity equa-
tions exactly on the composite interface and obtaining the
interlaminar stresses directly from the constitutive equations,
Lu and Liu'® have presented an interlaminar shear stress conti-
nuity theory. Their theory can be viewed as a refined form
developed from the techniques presented by Di Sciuva,?® Hin-
richsen and Palazotto,* Toledano and Murakami,® and Reddy.%
It is the only one, however, that can obtain the interlaminar
shear stresses directly from constitutive equations. Numerical
results show that their theory achieves excellent results for all
displacement components and some stresses. However, due to
the negligence of the deformation in the thickness direction,
the interlaminar normal stress cannot be calculated from the
constitutive equations directly. In addition, a small dis-
crepancy between their results and Pagano’s elasticity solu-
tions'! in the interlaminar shear stress for composite laminates
with small aspect ratios has also been reported.

Because of the important role of the interlaminar stresses in
the composite delamination analysis, it is the objective of this
study to present a theory that can accurately predict the inter-
laminar stresses. This theory should satisfy the continuity
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equations for both interlaminar shear stress and interlaminar
normal stress. A finite element method based on the principle
of minimum potential energy is used for numerical analysis.

Displacement Field

The derivation of the new theory is from the displacement
approach. To begin with, only the composite laminates under
cylindrical bending are considered. Therefore, it is assumed
that the displacement field of an n-layer composite laminate,
as shown in Fig. 1, can be expressed by the following equations:
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In the preceding equations, u, and wy are the displacements on
the midplane of the composite laminate in the axial and thick-
ness direction, respectively. U and W which vanish at the
midplane, represent the interfacial translation variables, re-
spectively, whereas S and R represent the interfacial rotation
variables. The subscripts of these variables indicate the inter-
faces of interest, as shown in Fig. 1.

In order to observe the parabolic distribution of the inter-
laminar shear stress through the thickness of each layer and to
satisfy the continuity of interlaminar stresses between the
composite layers, a cubic interpolation function, namely, Her-
mite cubic shape function, is used. Its components are defined
as follows:
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Fig. 1 Displacement components and coordinate system.
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The superscript (7) is to indicate the layer number. The coordi-
nates 7 are measured from the midplane, whereas #4; is the
thickness of the ith layer. The definitions for some notations
can also be found in Fig. 1.

In this study, small deformation and deflection are as-
sumed; i.e., the relationships between strains and displace-
ments are linear:
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Fig.2 Normalized lateral displacements at the midplane and
midspan of the simply supported beams under sinusoidal loading.
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The composite laminates are assumed to be made of or-
thotropic layers. For composite laminates under cylindrical
bending, the following constitutive equations for plane strain
are used!%:
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By assigning a single value for translation at each interface,
the continuity of translations through the thickness is auto-
matically satisfied. Since the major theme of this study is to
investigate the role of interlaminar stress continuity on the
interlaminar stress analysis, the continuity equations for both
interlaminar. normal stress and interlaminar shear stress
should be satisfied; i.e.,
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inwhichi=1,2,...,n—1.

Although the interlaminar stresses are continuous across the
composite interface, the interlaminar strains are not. This is
the reason why two interfacial rotation variables are assigned
at an interface in Egs. (la) and (1b). However, to meet the
requirements of the interlaminar stress continuity conditions,
the displacement field is substituted into the strain-displace-
ment relations, then into the constitutive equations. By em-
ploying the continuity equations, the following two relations

can be concluded; where i =1,2,...,n — 1:
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Fig. 3 Normalized displacement and stresses of simply supported (0/90) beam with S = 4.
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These relations imply that one of the two rotation variables at
an interface is not independent, although they are not identi-
cal. Therefore, only one independent rotation variable is re-
quired at each interface. The new variables are then assigned
as follows:
S =S,

i=0,1,2,...,n—1; Sy = San_1

Ri=Ry, i=0,1,2,...,n—-1 R, =Ry,
With the new notations, the displacement field can be

rewritten in a form with fewer variables, i.e.,
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where @ are the new interpolation functions, which are func-
tions of ¢ and Q.

Finite Element Formulation

To formulate the governing equations, the principle of min-
imum potential energy is used. The total potential energy of
the laminated composite subjected to a transverse loading
g(x) on the top surface can be expressed as follows:
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The stresses can be substituted by the strains using Eq. (4), and
the strains in the ith layer can be obtained in terms of displace-
ment components by combining Egs. (3) and (7). Carrying out
the inner integration of the first term on the right-hand side of
Eq. (8), the total potential energy can be expressed in terms of
interfacial displacement variables introduced in Egs. (7). it
should be noted that the vanished midplane displacement
components and the traction boundary conditions on the top
and bottom surfaces of the laminate can be used to reduce the
total independent interfacial variables.

Upon our completion of the derivation of the total potential
energy in terms of the interfacial variables in the thickness
direction, the formulation for the finite element equation can
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proceed as an ordinary procedure. In this study, Hermite
cubic shape functions are also used for the interpolations of all
interfacial variables in the x direction. By using the principle
of minimum potential energy, the element stiffness matrix and
force vector can be derived.

Numerical Results and Discussions

In order to verify the new theory, numerical solutions for
composite laminates subjected to sinusoidal loading are exam-
ined. The results are compared with those of Pagano’s solu-
tions!! for accuracy and convergence studies.

Three types of composite laminates are studied. They are [0]
unidirectional, [0/90] asymmetric, and [0/90/0] cross-ply lam-
inates. The elastic constants are exactly the same as those used
in Ref. 11,i.e., E; =172 GPa, E7r = 6.9 GPa, G, = 3.5 GPa,
Grr = 1.4 GPa, and »;7 = vy = 0.25. The deflection and the
interlaminar normal stress in the middle of the span and the
interlaminar shear stress at the free edge of the laminates are
of interest. The normalized values are defined exactly the same
as those in Ref. 11.

To verify the feasibility of using the new theory for both
thin and thick composite laminates, the normalized deflec-
tions at the midplane and midspan are presented in Fig. 2. It
is in a logarithmic scale with the aspect ratio ranging from 4 to
200 for all three laminates. The results show that the new
theory can be used for both thin and thick composite lami-
nates analysis.

Since the main advantage of the present theory is the
calculation of all stress components directly from the con-
stitutive equations, the accuracy of the result should be
demonstrated. Herein, the results of normalized inplane dis-
placement and three strésses of a [0/90] asymmetric laminate
using ten elements and six layers are presented in Fig. 3.
Apparently, excellent agreement for all displacement and
stresses is observed.
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